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ABSTRACT

This paper presents development of k-¢ turbulence model which can be
applied for non-homogeneous two-phase turbulent flows. The improvement
of governing equations of k-g turbulence model is based on the
decomposition of the two-phase flows into the gas phase and the second
phase. Thus, the turbulent kinetic energy k and the turbulent dissipation rate
¢ variables in k-g two-equation model are substituted by the turbulent kinetic
energy kg of the gas phase, the turbulent kinetic energy kp of the second
phase, the turbulent dissipation rate eg of the gas phase and the turbulent
dissipation rate ep of the second phase. The new turbulence model is kg-kp-
eg-ep four-equation model which can be used to solve all of two-phase flows
in nature studies and engineering applications.

Keywords: Turbulence model, Non-homogeneous,Two-phase flows,
Turbulent kinetic energy, Turbulent dissipation rate;

1. INTRODUCTION

History effects are taken into account by the one-equation and two-equation models, where the
convection and diffusion of turbulence is modeled by transport equations. The most widely
used one-equation turbulence model is due to Spalart and Allmaras (1992), which is based on
an eddy-viscosity like variable. The model is numerical very stable and easy to implement on
structured as well as unstructured grids. In the case of the two-equation models, practically all
approaches employ the transport equation for the turbulent kinetic energy. Among a large
number of two-equation models, the k-¢ model of Launder and Spalding and the k-o model of
Wilcox (1988) are most often used in engineering applications. They offer a reasonable
compromise between computational effort and accuracy.

The k-g¢ turbulence model is the most widely employed two-equation eddy viscosity
model. It is based on the solution of equations for the turbulent kinetic energy and the
turbulent dissipation rate. The historic roots of the k-¢ model reach to the work of Chou
(Chou 1945). During the 1970’s, various formulations of the model were proposed. The
most important contributions were due to Jones and Launder, Launder and Sharma
(Launder 1974) as well as due to Launder and Spalding (Launder 1974).

The first approach for the approximate treatment of turbulent flows was presented by
Reynolds in 1895. The methodology is based on the decomposition of the flow variables
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into a mean and a fluctuating part Eqn. (1). The governing equations are solved for the
mean values, which are the most interesting for engineering applications. The velocity
components is substituted by (Blazek 2001).

V, = Vi +V, 1)
where the mean value is denoted by an overbar and the turbulent fluctuation by a prime
(Figure 1).

Appropriate for general turbulence

vi = lim —Zv 2)

N—o0 N

Hence, the mean value V; still remains a function of time and space coordinates, the average

of the fluctuating part is zero, i.e., Vi = 0. However, it can be easily seen that Vi'Vi' #0 and

Vi'V'j # 0 if both turbulent velocity components are correlated.
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Figure 1. Reynolds averaging illustration of turbulent velocity (V,V")

The sum of the normal stresses divided by density defines the turbulent kinetic energy, i.e.,

1— 12 (¢ ()]
k= 2vv 2[(v1) +(v2) +(v3) 3)
The differential form of a low Reynolds ;mmber k-& model can be written as
o\ oKV, k
8(pk)+ ( J):i ﬂL+’Ll_T a_ +Ti:':Sij _pg (4)
ot OX; OX; o\ ) OX,

d(pe) G(png) 0 I | O¢ & F
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i i
In case where the turbulent flow is non-homogeneous two-phase, the Eqn. (3) is not
suitable application unless we assume that the flow is homogeneous flow or one phase
flow, because the velocities of non-homogeneous two-phase flow include velocity of the
gas phase and velocity of the second phase. So that, Eqns. (3)+(5) must be improved for
non-homogeneous two-phase flows.
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2. GOVERNING EQUATIONS AND SOLUTION METHOD

2.1Governing equations

The flow-system equations of two-phase turbulent flows were established by Schraiber et
al. as follows:

P, s ne
ot T OX

Py s 0P i Vi
ot - OX
j j

oV oV .
—Z 4>y, o __ 1 30p z T ij F
ot i OX Py OX

pg pg
7 pij
X, D Le
Pi z
Gt ; 6X Py OX; pp
Following Erlebacher et al. (1992), the flow variables are decomposed into mean and
turbulent fluctuationvelocities as Eqns. (7)

Vy = Vg +V,

V, =Vp +V, )
where g, pare the symbols for the gas phase and the second phase; 7, j =1, 2, 3 (according to the
coordinates); vgi, Uy, Uy, Uy are the velocity components; g, 00 are the density of the phases; p is
the pressure; 7, i are the stress components of the phases; Fiis the interaction force between
the phases; and the prime symbol means a turbulent component.

Because the average components always satisfy Eqns. (6), the above system equations for the
turbulent components in two-dimension coordinates becomes

op,  olpyuy)  alpyv,)

@)

at ox Y
0 olp.u, ) olp.v
po Aloguy) alo,) o
ot OX oy
au, . ou . ou ~ ou, - ou, L ou, . ou,

24| uy s +V, s |, Ug —>+Vg —> [+ Uy —2+V, —>
at ox ay 8 ay 8 ay
_ 1, 1[0 0Ty | 1o

Py OX  pyl OX ) pg
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oy (ave ove) (- v - o) [ ov, v,
— | Uy —+Vy—— |+|Ug—+Vg— [+| Uy —+V, —
ot OX oy OX oy OX oy

__ia_p'+i£%+%}_ip

Py X py\ X Y ) py
(11)
ou u u — ou, - au . ou ou
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ot OX oy 0 oy OX oy
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Using Eqns. (8)+(13) for the turbulent components, we can set up equations for the
turbulent kinetic energy (ks—kp) and the turbulent dissipation rate (g-&). Because the
equations kg—g of the gas phase have already been developed by other authors (Launder

1974; Blazek 2001), so in this paper we just have to write equations for the turbulent kinetic
energy kpand turbulent dissipation rate & of the second phase.

ok ok ok, ol w, (o ou_ ) .
S R O R R

oy oy|o oy ay
0 5 5 0 v, :
X o, g g

2.2 Turbulent kinetic energy equation of the second phase ky
Multiplying Eqn. (12) by the turbulent fluctuation of velocity u% and Eqn. (13) by the
turbulent fluctuation of velocity v, we get

couy, (. au, .. oup .~ du, .- au, L Lou, L au,
Up —=+[ U Uy, — UV, — [+ U Up —=+ UV —= [+ upuy —=+u v, —F
ot ox oy ox oy ox ¥ )a4)

. ot . or, R
= 1(u LY T”“]Jrlu F

el T x Py ) op, P
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cov, (L av, OV v, v, LV, o,
Vp7+ VpUp v V 4|V Up Ly, Vp + VpUp7+Vpr7
ot ox P oy ox oy X oy
. o, . or,
-1 v, Toy +vpr— +iv F,
Py ox N ) P
(15)
Adding both sides of Eqn. (14) and Eqn. (15) we get the Eqn. (16)

6u (’3vp
U +V —_—
Pol %o 5 T o

u, . Lou, oV, .- OV, OV,
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up QU Bvp o OV,
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X

The turbulent kinetic energy k» in this equation is defined as Eqn. (17)

1( 2 2
ky = U5 +v7) 17)
So that, the first expression in the left-hand side of Eqn. (16) can be developed
Py Upau +Vy A G = oy 2| Sz +v2) =pp—6kp (18)
ot P ot ot] 2 ot

The second expression in the left-hand side of Eqn. (16) can be developed

OX PP ox PUPox P ox PP ox
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The third expression in the left-hand side of Eqn. (16) can be developed

JOup - QU AU, B, N, ..oV,
Pyl ULU, po P Ul Uy 2 upu S VUL VU v,
19

Ppay ppay Ppay
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The first expression in the right-hand side of Eqn. (16) can be developed

f ' aap . aup . , aup ) , a\_/p - avp , ' avp
Ppl UV, ——+U Vp—+UV, —+V V, —+V Vp—+V V —
oy oy oy
(20)
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J 82",3XX ' Gr'pxy Ly Gr'pxy Y ﬁr'pyy
Pox P oy Pox * oy

My Gr'pxx Ly ar'pxy oy 62"pxy Ly 8r;,yy
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- ox T T ox Ty T dy T pxy ay

The components of the viscous stress tensor are defined by the relations [8, 9]

. ov' ou’
T pxy Zﬂp[ P -+ pj

fou’ o, ou. o,
pry

OX oy
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. ov',
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Substituting Eqns. (22) into Eqn. (21) and rearranging, we get the following equation:

. Or, . ot - or or
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The first expression in the right-hand side of Eqn. (23) can be developed

Ul 2— u—2—v—+—v v— u—+u—
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Using the Kolmogorov formulation for the turbulent dissipation rate &, the second expression
in the right-hand side of Eqn. (23) can be developed

=u

o

©
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ou, ov, au ou, v, ov, _ou, ov,
L P PP T PP o) (25)
paxax 6x8y ox oy oy oy PP
The second expression in the right-hand side of Eqn. (16) can be developed
! (u F +v F ) (26)
Pp
Substituting Eqns. (18), (19), (20), (24), (25), and (26) into Eqn. (16), we get the following
equation:
ok, ok, ok,
Pr g TP S TPy
(27)

a{ yp(akaJr a{k (8u ﬂJr [aupjz .
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Eqn. (27) is the turbulent kinetic energy of the second phase of non-homogeneous two-phase
flows.

2.3 Turbulent dissipation rate equation of the second phase &

The equations of turbulent dissipation rate were established by Schraiber et al. as follows:

El ou, ou, ou, o (ou,
=2u, |~ (28)
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L i 29
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Substituting au'p /ot, ov p | Ot values from Eqns. (12) and (13) into Eqns. (28) and (29), we

get the following equations:
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Substituting Eqn. (22) into Eqns. (30) and (31), we get the following equations:
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Adding both sides of Eqn. (32) and Eqn. (33) and rearranging, we get the equation

Asian Business Consortium | El Page 16



Engineering International, Volume 2, No 1 (2014)
o[, ouyouy ) af v,
ot ay ay "ol
av 0 av - 8v 0 av 6v 0 a
=-2u, up—— — |+Up +up
OX Ox| OX ox ox| ox ox ox| ox
- au, o (ou, .o, o (ou, .ou, ¢ (ou,
+|Vp — +V, — +V, ——| —
oy oy\ oy oy oy\ oy oy oy\ oy
o 2m afow) o, ofon) a2 die) o, o olrv)
Uo 6y 6y P ox ox| oy
aupaupawu; au, &, | O, &y i, OV, O, O,
oy oy Ox oy oy oy OX oX OoX oX OX oy
.\ %aﬁ_pav_'“rau'p au, a\_/p+8v'p a\‘,pau',)+av;)av_;,au;,
oy oy oy oy oy oy OX OX OX  OX OX OX

_zau ala 8u Zav'pa_a v, N, o ofov,
ey oyl oy +§&_EE+§§&§

v, 0| ofau, ou, alo 6u'p au alo 6v'p (34)
"o al oy )| )| |
| Lou, oF 1 v, OF,

P, Oy O p, OX OX

The expression in the left-hand side of Eqn. (34) is the turbulent dissipation rate:

P ou, du, ) 9 v, oV 0z,
E[“pEE}&(”" ox ax] P ot %)
The first expression in the right-hand side of Eqn. (34) can be developed

— ov, o [ov N, o (ov LoV, o (ov o¢
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The second expression in the right-hand side of Eqn. (34) can be developed

o ls au'pg ou, oy 8u'pg[aap]+v, au'pﬁ ou, . oz, .
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The third expression in the right-hand side of Eqn. (34) can be developed
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The fourth expression in the right-hand side of Eqn. (34) can be developed
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The fifth expression in the right-hand side of Eqn. (34) can be developed
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The sixth expression in the right-hand side of Eqn. (34) can be developed
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OX OX| Ox| oy oy oy|oy| oy oy oy|oy| ox
a|: Hyp (au J:I
=—le
oy| " scl oy
The seventh expression in the right-hand side of Eqn. (34) can be developed
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p 42)
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Substituting Eqns. (35)+(42) into Eqn. (34), we get the following equation:
65p o€, o¢,
P ot T PUp ox — 5+ PpVp E
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The experimental coefficients should be (Schraiber 1987)
C,=0.09; Ca=1.44; Cx=1.92; o=1; o:=1.3.

3. CONCLUSIONS
The four-equation turbulence model includes Eqns (44)+(47).

ok, ok, ok, 0wy (K, au, Y’ _—
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Application of the ke—k—&—& turbulent model with additional equations for the turbulent
kinetic energy ky and the turbulent dissipation rate & of the second phase seems to be
worthwhile for simulating two-phase non-homogeneous turbulent flows in industrial

combustor.

Nomenclature

Ug; Ug
Up; Op
ug’; vg’
up’; vy’
UgiVg
UpiVp
Ps:Pp
p

&3;&
kg; kp
Mg My
Tgij; Tpij
F; Fy
Ca; Co
Sij

Ok

O¢

fet; fe
)7

UT

&

&

: Velocity components of the gas phase

: Velocity components of the second phase

: Fluctuation of velocity components of the gas phase

: Fluctuation of velocity components of the second phase
: Mean of velocity components of the gas phase

: Mean of velocity components of the second phase

: Density of the gas phase and the second phase

: Pressure

: Turbulent dissipation rate of the gas phase and the second phase

: Turbulent kinetic energy of the gas phase and the second phase

: Dynamic molecular viscosity of the gas phase and the second phase
: Specific Reynolds stress tensor of the gas phase and the second phase
: Forces

: Dissipation rate coefficients.

: Mean strain rate tensor.

: Turbulent Prandtl for kinetic energy

: Turbulent Prandtl for dissipation rate

: Boundary functions

: Laminar viscosity

: Turbulent viscosity

: Eddy viscosity

: Explicit wall term
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